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» Drawbacks for a space re nement only

#® Explicit scheme stable under a CFL condition,

t=h, < CceL, | = f;c, =) global time step imposed by the
nest grid (costly)

#® Better accuracy (lower dispersion) for the greatest value of

. t . : L :
the ratio — =) Numerical dispersion in the coarse grid
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Motiv ations for a local space-time re nement

Mesh re nement
h

C

<>

Take into account a geo- W hy We
metrical detail (typically a =)
crack) -

(9]

» Local time step in order to have the same CFL in the whole
domain
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Several technics (T Fouquet)
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Several technics (T Fouquet)

# Interpolation methods :
unstable

® Methods based on an
energy conservation =)

Key points of the method: take
Into account one of the
transmission conditions in a
weak way

(Two values of the solution on the inter-

face)
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Application to elastod ynamics
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Application to elastod ynamics

# Same point of view as
Mortar elements

® Formulation as a transmis-
sion problem between the

two domains

@

@ div( o) = f In ¢
A %C "ve) = 0 in ¢
V¢ = Jc On

N= ¢tn on

"W AW 00

hC
W
n C
\/\4 f
— Ve
G
@ . .
—— div = f In
g (1) f
A= (v = 0 in
@ (vi) f
V¢ S - on
Je=]¢ oOn

Local space-time mesh re nement for elastodynamic equations. — p.4/2(



Variational
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For given values of j . and j¢ =)

two decoupled problems.
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Variational formulation

Functional spaces, | = f;c
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Space discretization
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Space discretization

In the coarse grid
8

d
© Marge an + B Vo

d

Mﬁ’hﬁvzh Bonh 2n

In the ne grid

8 4

2 Mo n + BiVa

> d

) M%’avh Bh h

Transmission conditions

t — t .
C2h 2h  — Ch h,

CZhJH - 0]
=  Fon
Cth - 0
= Fh
JH - \@H

Local space-time mesh re nement for elastodynamic equations. — p.6/2(



Coarse grid

Time discretization

Fine grid
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Time discretization

In the coarse grid
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Time discretization

In the coarse grid

8 2n+2 2n
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® Relation between J ,%'n N Hn 2 and J Hn 2 ? (discretizationof Jy = Jy)

® Howtodiscretize C., ,n(t) = C{ n(t) ?
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A discrete energy conser vation
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A discrete energy conser vation

1 1
ES" = 5 Moap oh on * 5 M3, Ve van
1 1 2n 1 2n+ 1
EFY = 5 M - t 5 M2V, %V,
1Z 1Z
E"=E2"+E"' = A : dx+ 5 jvj2dx
: Under the CFL condition —
Energy conser vation :C) Stability
+
| |
2n+1 2n 2n+2 2n+1
2n+ 1 + 2n+ 3 +
H h 4 H h 4
|
2n+2 . 2n
j2n+l.~t _ 2h 2h
H 1 ~2h 2

Local space-time mesh re nement for elastodynamic equations. — p.8/2(



Scheme A
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Scheme A

In the coarse grid
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Scheme B
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Scheme B

In the coarse grid
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Scheme B

In the coarse grid

8
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Convergence of the scheme

» Two kind of errors:
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#® Error due to the non-conformity of the space meshes.
Same technique as for mortar elements (Belgacem, Buffa,
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Convergence of the scheme

» Two kind of errors:

#® Error due to the non-conformity of the space meshes.
Same technique as for mortar elements (Belgacem, Buffa,
Maday...).

® Error due to the non-conformity of the time meshes.

Independent analysis thanks to the linearity of the equations.
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Coarse grid (X

Convergence results for the 1D case
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Convergence results for the 1D case

® Stability theorem (T. Fouquet): Both schemes are "2 stable if
and only if = c— < 1. (strict CFL).

® Convergence theorem: ( < 1).
s Scheme B. If ( ;v) 2 C3, then

K n kiz + kv, VK2 pC t: K( ;V)Kcs
s Scheme A. If ( ;v) 2 C3*K, then
C t(% k)
K n kKi2 + kvy VK2 pl K( ;V)Kcs+x

where ", = 1=2X.
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ldea of the proof (I)

Le( h sV V)= "n+ o
#® ",: propagation truncation error, ¢k = O(hR):
#® i fransmission truncation error, gk =  O(h);
® . discrete trace operator. Kk ok = O(h ?2)
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ldea of the proof (I)

Le( h sV V)= "n+ o
#® ",: propagation truncation error, ¢k = O(hR):
#® i fransmission truncation error, gk =  O(h);
® . discrete trace operator. Kk ok = O(h ?2)

> step1: K( n:vh) ( ;V)k.2 = O(hz) (for both schemes)
» Step 2: bootstrap argument (only for scheme A)

3/2 +

K( n;vh)  ( 5Vv)Kez = O(hPv)

+ T
K(wive) (ke = O(hPer)
3 1

T T T
1/2 1 3/2
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ldea of the proof (ll)

Let consider the scheme A. We denote by
® e, and g, the error on each unknown
® E" the discrete energy of the error

and assume that < 1 and then P El  k(en)"kz + k(&,)"k>
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ldea of the proof (ll)

Let consider the scheme A. We denote by
® e, and g, the error on each unknown
® E" the discrete energy of the error

and assume that < 1 and then P El  k(en)"kz + k(&,)"k>

Eﬁn +2 Eﬁn
2 t

O( )h2 P E2n+2 4 pﬁ

=0 C( )hz

A similar proof can be done for the scheme B.
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ldea of the proof (lll)

We remark that the sequences ( _j;Vvy) (discrete derivatives)

2n+2
()™ (o3

2 t

(M (o

() = 5= (L3

satisfy the scheme A. Let call E| the associated energy.
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satisfy the scheme A. Let call E| the associated energy.
Assuming more regularity in time we have

q__
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Therefore coming back to
2n+2 2n q q
Eh 5 tEh C( )h% Eﬁn + Eﬁn+2 +
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ldea of the proof (lll)

We remark that the sequences ( _j;Vvy) (discrete derivatives)
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1D numerical experiments
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1D numerical experiments
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Algorithm

In the coarse grid

8
2n+2 2n
3 M, 2h2 : M 4 gL V2 4 It =
B V2n+l V2n 1
T My : = Ban h = Fa
In the ne grid
8 n+1 n N4 1 N4 1
g M, BV Gt = 0
1 1
B Vn+§ Vn 5
My ———"— By | = Ff
On the integ‘ace
1 3
E J|2_|n+2 — Jan.l_l — J|2_|n+2
3 B2ty B R

h 4 - 2h 2

Local space-time mesh re nement for elastodynamic equations. — p.17/2(



In the coarse grid

Algorithm

8 2n+2 2n
3 M, 2h2 M 4 gL V2 4 It =
B V2n+1 V2n 1
- My, 2 > = Ban 5h = Fa
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8
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3 Vn+% Vi z
: M[\1/ h t h Bh R — FI’?
On th% Interface
2 J2n+% — Jan.l_l — Jﬁn+%
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Algorithm

In the coarse grid

; 2n+2 2n
2h 2h t 2n+1 2n+1  _
M3 51 + BanVon ~ F Condy = 0
2n+1 2n 1
_B MY V2h V2h B 2n — F2n
2h 2 t 2h  2nh - 2h

In the ne grid
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Finite elements spaces

Sym
4th = hZXSymZhjcz(Ql)22
+ | T
S

M, and M., : block diagonal matrices
(5 5blocks) (EB & P. Joly & C. Tsogka) F
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Finite elements spaces

Sym Sy
*th = hZXS'ym:hjcz(Ql)2 ’ —
+ Sl T Sxy:‘ Syx ‘ o
M, and M., : block diagonal matrices i 7
(5 5blocks) (EB & P. Joly & C. Tsogka) Ja
+ S
M/ et M}, diagonales.
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Finite elements spaces

Sym Sy
"th = hZXSym:hjcz(Ql)2 ’ —
+ Sl T Sxy:' Syx ‘ o
M, and M., : block diagonal matrices i 7
(5 5blocks) (EB & P. Joly & C. Tsogka) Ja
+ S
M/ et M}, diagonales.

n 0
>In = w2(LX) °= wjs 2 (Po)* 63
(on the coarse grid).
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Numerical experiments

® |[sotropic case he
9 hf - ?
=1; = 204; = 345 ® CFL = 0:95CF L gy
® Coarse grid 150 150 ® Norm of the velocity eld
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Numerical experiments

® |[sotropic case he
K ) hf - ?
=1; = 204; = 345 ® CFL = 0:95CF L gy
® Coarse grid 150 150 ® Norm of the velocity eld

Zoom du raff. spatio-temporel.
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Numerical experiments

Anisotropic gase 1 h
2:324 0:704 0.0 he = 5.
=1;C= % 0:704 0:873 0.0 CFL = 0:95CF L gpt -

0:0 0:0 0558

_ Norm of the velocity eld
Coarse grid 150 150,

Space-time mesh re nement Space mesh re nement
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Conclusions et perspectives.

Résolution avec bcp plus de points par longueur d'onde
dans certaines régions.

Méme CFL dans tout le domaine de calcul.
Analyse de convergence 1D optimale.

On peut faire du raf nement 1  p méme si le plus ef cace
estlel 2.
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Methode de raf nement de maillage spatio-temporel sans
multiplicateur.
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Conclusions et perspectives.

Résolution avec bcp plus de points par longueur d'onde
dans certaines régions.

Méme CFL dans tout le domaine de calcul.
Analyse de convergence 1D optimale.

On peut faire du raf nement 1  p méme si le plus ef cace
estlel 2

Methode de raf nement de maillage spatio-temporel sans
multiplicateur.

Couplage avec la méthode de domaines ctifs .
Code 3D pour I'élastodynamique.
Analyse de convergence pour dimensions supérieures.
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