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Jer ónimo Rodr �́guez

Work in collaboration with

Eliane Bécache and Patrick Joly

INRIA­Rocquencourt ­ EDF

Local space­time mesh re�nement for elastodynamic equations. – p.1/20



Motiv ations for a local space-time re�nement

Take into account a geo-
metrical detail (typically a
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Drawbacks for a space re�nement only

Explicit scheme stable under a CFL condition,
� t=hl < CCF L , l = f ; c, =) global time step imposed by the
�nest grid (costly)

Better accuracy (lower dispersion) for the greatest value of

the ratio
� t
� x

=) Numerical dispersion in the coarse grid
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Motiv ations for a local space-time re�nement

Take into account a geo-
metrical detail (typically a
crack)
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Local time step in order to have the same CFL in the whole
domain

� tf

hf
=

� tc

hc

Dt

Dx

Local space­time mesh re�nement for elastodynamic equations. – p.2/20



Several technics (T. Fouquet)

Interpolation methods :
unstable

Methods based on an
energy conservation =)
Stable by construction
Key points of the method: take
into account one of the
transmission conditions in a
weak way
(Two values of the solution on the inter-

face)
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Application to elastod ynamics
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Application to elastod ynamics

Same point of view as
Mortar elements

Formulation as a transmis-
sion problem between the
two domains
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Variational form ulation
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f � X sym

c � Vf � Vc � J 2
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For given values of j c and j f =) two decoupled problems.
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Variational form ulation

Functional spaces, l = f ; c

� l ; � l 2 X sym
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Space discretization

X sym
h � X sym

f ; X sym
2h � X sym

c ; Vh � Vf ; V2h � Vc; J H � J
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h � X sym
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Space discretization

In the coarse grid
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M �
2h

d
dt

� 2h + B t
2h V 2h + C2h J H = 0

M v
2h

d
dt

V 2h � B2h � 2h = F2h

In the �ne grid
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Time discretization
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Time discretization

In the coarse grid
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Time discretization
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A discrete energy conser vation
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Scheme A
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Scheme A

In the coarse grid
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Scheme B
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Scheme B

In the coarse grid
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Scheme B

In the coarse grid
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Convergence of the scheme

Two kind of errors:

Error due to the non-conformity of the space meshes.
Same technique as for mortar elements (Belgacem, Buffa,
Maday...).

Error due to the non-conformity of the time meshes.

Independent analysis thanks to the linearity of the equations.
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Convergence results for the 1D case

Coarse grid (x < 0).
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Convergence results for the 1D case

Stability theorem (T. Fouquet): Both schemes are `2 stable if
and only if � = c � t

� x < 1. (strict CFL).

Convergence theorem: (� < 1).
Scheme B. If (� ; v) 2 C3, then

k� h � � kL 2 + kvh � vkL 2 �
C � t

1
2

p
1 � � 2

k(� ; v)kC3

Scheme A. If (� ; v) 2 C3+ k, then

k� h � � kL 2 + kvh � vkL 2 �
C � t( 3

2 � " k )

p
1 � � 2

k(� ; v)kC3+ k

where "k = 1=2k.
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Idea of the proof (I)

Lh(� h � � ; vh � v) = "h + 
 0� h

"h: propagation truncation error,

� h: transmission truncation error,


 0: discrete trace operator.

k"hk = O(h2);
k� hk = O(h);
k
 0k = O(h� 1

2 )

Step 1: k(� h; vh) � (� ; v)kL 2 = O(h
1
2 ) (for both schemes)

Step 2: bootstrap argument (only for scheme A)

�
�
�
�
�
�
�
�
�
�
�

k(� h; vh) � (� ; v)kL 2 = O(hpk )
+

k(� h; vh) � (� ; v)kL 2 = O(hpk +1 )

pk =
3
2

�
1
2k

1

1/2

1/2

3/4

3/2

1 3/2
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Idea of the proof (II)

Let consider the scheme A. We denote by

e� h and evh the error on each unknown

E2n
h the discrete energy of the error

and assume that � < 1 and then
p

En
h � k(e� h)nkL 2 + k(evh)nkL 2

Local space­time mesh re�nement for elastodynamic equations. – p.14/20



Idea of the proof (II)

Let consider the scheme A. We denote by

e� h and evh the error on each unknown

E2n
h the discrete energy of the error

and assume that � < 1 and then
p

En
h � k(e� h)nkL 2 + k(evh)nkL 2

E2n+2
h � E2n

h

2� t
� O(� t) j(e� f )2n+2

0 � (e� f )2n
0 j +

O(� t2) j(evf )
2n+ 3

2
1
2

+ (evf )
2n+ 1

2
1
2

j +

O(� t2) j(e� c)2n+2
0 + (e� c)2n

0 j

Local space­time mesh re�nement for elastodynamic equations. – p.14/20



Idea of the proof (II)

Let consider the scheme A. We denote by

e� h and evh the error on each unknown

E2n
h the discrete energy of the error

and assume that � < 1 and then
p

En
h � k(e� h)nkL 2 + k(evh)nkL 2

E2n+2
h � E2n

h

2� t
� O(� t) j(e� f )2n+2

0 � (e� f )2n
0 j +

O(� t2) j(evf )
2n+ 3

2
1
2

+ (evf )
2n+ 1

2
1
2

j +

O(� t2) j(e� c)2n+2
0 + (e� c)2n

0 j

C(� )
1

p
h

� p
E2n +2 +

p
E2n

�
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A similar proof can be done for the scheme B.
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Idea of the proof (III)

We remark that the sequences ( _� h; _vh) (discrete derivatives)

( _� f )n
j =

(� f )n +2
j � (� f )n

j

2� t
; ( _� c)2n

2j =
(� c)2n +2

2j � (� c)2n
2j

2� t
; : : :

satisfy the scheme A. Let call _En
h the associated energy.
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1D numerical experiments

Scheme A
� = 1
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1D numerical experiments

Scheme A
� = 0:96
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Algorithm

In the coarse grid
8
>><

>>:

M �
2h

� 2n +2
2h � � 2n

2h

2� t
+ B t

2h V 2n +1
2h + C2h J 2n +1

H = 0

M v
2h

V 2n +1
2h � V 2n � 1

2h

2� t
� B2h � 2n

2h = F 2n
2h

In the �ne grid
8
>><

>>:

M �
h

� n +1
h � � n

h

� t
+ B t

h V
n + 1

2
h � Ch J

n + 1
2

H = 0

M v
h

V
n + 1

2
h � V

n � 1
2

h

� t
� Bh � n

h = F n
h

On the interface8
>><

>>:

J
2n + 1

2
H = J 2n +1

H = J
2n + 3

2
H

Ct
h

� 2n
h + 2� 2n +1

h + � 2n +2
h

4
= Ct

2h
� 2n +2

2h + � 2n
2h

2
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Finite elements spaces

X sym
h =

�
� h 2 X sym=�hjC 2 (Q1)

2� 2	

+

M �
h and M �

2h : block diagonal matrices
(5 � 5 blocks) (EB & P. Joly & C. Tsogka)

ss
yxxy

=

sxx

s
yy

sxx

s
yy

u

l r

d
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J H =
n

� H 2 (L2(�)) 2 =� H jS 2 (P0)2
o

6� J

(on the coarse grid).
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Numerical experiments

Isotropic case

� = 1; � = 2:04; � = 3:45

Coarse grid 150� 150.

hf =
hc

24 .

CF L = 0:95CF L opt .

Norm of the velocity �eld
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Isotropic case

� = 1; � = 2:04; � = 3:45

Coarse grid 150� 150.

hf =
hc

24 .

CF L = 0:95CF L opt .

Norm of the velocity �eld

Zoom du raff. spatio-temporel.
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Numerical experiments

Anisotropic case

� = 1; C =

0
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Conc lusions et perspectives.

Résolution avec bcp plus de points par longueur d'onde
dans certaines régions.

Même CFL dans tout le domaine de calcul.

Analyse de convergence 1D optimale.

On peut faire du raf�nement 1 � p même si le plus ef�cace
est le 1 � 2.

Méthode de raf�nement de maillage spatio-temporel sans
multiplicateur.

Couplage avec la méthode de domaines �ctifs .

Code 3D pour l'élastodynamique.

Analyse de convergence pour dimensions supérieures.
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